Abstract-The formulation of the enhanced augmented electric field integral equation for dielectrics is generalized to conductor problems in this paper. The conductive region is simulated as a lossy dispersive medium using a full wave solver. In order to calculate the method of moments matrix elements in the conductive region accurately, we investigate the evaluations of the integrals of Green's function in lossy media. After comparing with some other integration methods, we propose a new method to evaluate such integrals. This method turns out to improve the accuracy and efficiency. Moreover, the proposed formulation can be regarded as a generalized impedance boundary condition (IBC). This generalized IBC will become global if the skin depth is comparable to the size of the structures/details. The mixedform fast multipole algorithm is employed for the simulations. Numerical examples of complex circuit structures are given to demonstrate the accuracy and capabilities of the proposed method.
I. INTRODUCTION

C
OMPUTATIONAL electromagnetics (CEMs) has been widely used in the simulations of circuit interconnect problems. As the operation frequency increases, there are needs for CEM tools to capture the low-frequency physics (which some CEM methods fail to capture), as well as the wave physics (which conventional quasi-static methods fail to capture). To satisfy this broadband stability requirement, some methods [1] - [5] have been developed for perfect electric conductor (PEC) structures. In these methods, the low-frequency issues in the integral equation method and the finite-element method are well addressed. Among these methods, we are particularly interested in the augmented electric field integral equation (A-EFIE), since at low and mid frequencies, this method is accurate and stable [5] , and no loop-tree decomposition is required.
As the fine details get increasingly smaller in many circuit interconnect and nanotechnology applications, the skin effects become an important issue. Therefore, approximating good conductors as PEC is no longer valid. A simple remedy is to use the Leontovich boundary condition [6] , which is also known as the impedance boundary condition (IBC) [7] . In this approximation model, the equivalent electric and magnetic currents are orthogonal to each other and related by the surface impedance of the conductor. As a result, the magnetic current can be expressed in terms of the electric current and the pertinent matrix equation becomes simple. Some studies have been done to formulate the IBC solvers [8] - [10] with different combinations of the EFIE and magnetic field integral equation (MFIE), and a combination of the Rao-Wilton-Glisson (RWG) basis function [11] and the Buffa-Christiansen (BC) basis functions [12] , which is widely used in the Calderón preconditioners [13] , [14] . But the study of the application of IBC to the A-EFIE has not been reported. Although the IBC approximation has proved effective in the high frequency regime for good conductors, it becomes inaccurate as the skin depth becomes comparable to the size of the structures, especially in low-frequency applications and for small-scale problems.
When the skin depth becomes large, the localized IBC is not sufficient to describe the relationship between the electric and magnetic currents. Instead, a global IBC is required. A global surface impedance [15] for the partial-element equivalent circuit method was proposed to address this issue in conductors. This method models the cross section using finite differences to find the global relationship between the electric and magnetic currents. Therefore, this method is especially useful for structures with fixed cross section. For arbitrary structures, computational cost will increase. This method is useful when the skin depth is compared with the wavelength and the loop-tree decomposition [1] , [2] was employed to overcome the low-frequency breakdown. However, the cases of arbitrary large skin depth were not discussed. Another rigorous 0018-926X © 2017 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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full wave approach was proposed in [16] . The internal problem is solved with MFIE and a matrix is generated to represent the coupling between the electric and magnetic currents. However, the ill-conditioned issue [17] , [18] persists: the basis function and the testing function are not orthogonal to each other for the MFIE operator, which gives rise to an ill-conditioning matrix. Meanwhile, in [16] , the low-frequency issue has not been addressed. Another low-frequency stable formulation [19] can be used to solve dielectric and conductor problems. Alternatively, we can also solve the highly conductive materials as dispersive media using the A-EFIE method for dielectrics [20] , [21] . In this paper, we will first briefly introduce the formulation of this method. The augmentation technique is applied and the low-frequency breakdown is properly solved. We then derive a new set of equations to evaluate the integrals of Green's function in lossy media. These equations are motivated by a simple approximation method for Green's function in very lossy media. As a result, this method is very accurate in the evaluations of these integrals. Then, we will show that this method can be regarded as a generalized IBC method, since it reduces to an IBC formulation if the electric and magnetic currents are assumed coupled locally. Then, this method is accelerated with the mixed-form fast multipole algorithm (FMA) [22] , and preconditioned with a preconditioner suitable for saddle point problems [23] . Finally, some numerical examples are presented to validate the method, as well as demonstrating its capabilities of solving complex problems with a large number of unknowns.
II. METHOD AND FORMULATION
To solve the conductor problems, we adopt the formulation from our previous work: the A-EFIE for dielectrics [20] . We will first briefly introduce the formulation in this section. However, there are some concerns regarding solving conductors as dispersive dielectric media using this method. First, the evaluations of the integrals associated with the fast oscillatory and decaying Green's function, which appears in the case of conductors, become inaccurate using the conventional singularity subtraction method [24] , [25] . A more robust method is proposed to overcome this difficulty. Second, we will study how this formulation converges to the IBC approximation and PEC cases as the conductivity increases. Then, this method will be a general formulation from dielectrics to conductors.
A. Formulation
The formulation for general dielectrics was presented in [20] . The matrix equation is ⎡
where the matrix elements are
where D is the matrix representation of the divergence operator, B is a matrix that maps from the reduce charge unknowns ρ r to the conventional charge unknowns ρ, F is the reverse mapping matrix [5] , g i (r, r ) is the Green's function, where the subscript i can be ext or int to represent the external or internal regions, T(r) is the testing function, and (r) is the basis function while the superscript J and M are used to denote the basis function for the electric current and the magnetic current. The inner integral in (3) is the principal value integral, while the residual part is absorbed into the identity term, by assuming that the surface is smooth. In summary, the RWG basis function [11] is used as the testing function and basis function for J and the BC basis function [12] is used as the basis function for M. More detailed discussions can be found in [20] . The matrix equation in (1) can be extended to solving conductor problems, by solving the internal problem as lossy dielectrics. In Section II.B and Section II.C, we will investigate the evaluations of the inner integrals in the matrix elements (2)-(4).
B. Integral Evaluations
The first equation in (1) is the integral equation in the external region, which is usually dielectric with little or no losses. The integrals in this region can be accurately calculated using the conventionally used singularity subtraction method. The second equation in (1) represents the integral equation inside the object medium. For conductors, assuming nonmagnetic, the complex wavenumber k is
If
where R = |r − r |. This represents a fast oscillatory and decaying function.
To evaluate the integrals in (2)- (4) and the subsequent calculations of the field from J and M, we emphasize on the evaluations of the inner integral. They are of the form
where q is usually a vertex of the triangle S .
1) Conventional Singularity Subtraction:
One way to evaluate these is to use the conventional singularity subtraction method [24] , [25] . The singular parts are subtracted and evaluated analytically. The nonsingular parts are calculated numerically using quadratures. However, as shown in Fig. 2 , this approach will give rise to large errors if the material is highly lossy. This is due to that the singular terms are not the major contributions to the integrals (9)- (12), and the evaluations of the nonsingular parts are inaccurate.
2) Circle Approximation: We can investigate the major contributions to the integrals by making some assumptions: assuming that the observation point r lies on the source triangle and k is large compared with the inverse of the triangle size, the integral domain S can be approximated by a circular domain C , which is centered at r and has a radius of R, that is
Therefore k R → ∞, e ik R → 0 and
Similarly, another integral can be approximated as
Equations (14) and (15) can be used to approximate the integrals I 1 and I 2 in (9) and (10). By analyzing the residual parts on a smooth surface, the normal component of I 3 and the tangential component of I 4 can be found to be
When r is on the side whichn is pointing to, the negative sign is chosen. Otherwise, the positive sign is chosen. Although this method is simple, there are some obvious drawbacks. First, the observation point r has to be chosen on the triangle. Second, the imaginary part of the wavenumber must be very large. This is not the general case for our problem. However, this method provides some insights regarding the integrals for conductive materials. If r resides on the source plane, as the conductivity increases, the integral of the forms (9)- (12) should converge to (14)- (16) . In other words, (14)- (16) are the major contributions to the integrals for conductive materials.
3) Line Integral:
A line integral result [16] was derived to evaluate the integrals in (9)- (12) . This method turns out to be efficient and accurate for both lossless and lossy media. In this method, the surface integral is converted into three line integrals by coordinate transformations, as derived in [16] . Therefore, this method is denoted as the line integral method. However, there are still some singularities in the expression of the line integrals, which affect the accuracy of the numerical integration. Also, it is not very clear why it is especially useful for the integrals of Green's function in lossy media.
4) Modified Integral Method:
The line integral method can be further simplified to remove the singularities. As a result, the convergence of the numerical integration is accelerated and the method becomes more efficient. Meanwhile, after the modifications, it captures the results in the circle approximation method. The terms in (14)- (16) can be extracted. Some extra terms, which act as the corrections to (14)- (16), can be evaluated numerically using the quadrature rules. For (9), there is a simple expression, as derived in the Appendix
where
Defining some intermediate integrals, such as I β , I ⊥ , and I , we can rewrite (10)- (12) as
where I β , I ⊥ , and I are defined as
where r 0 is the projection of r on the source triangle. First, in this modified method, some singularities, which appear in the original line integral method, are removed. For example, in [16] , I α is written as
When h i → 0, there is a singularity in the integrand. Then, the integrand is no longer a smooth function and numerical integration could be problematic. After transforming the integration from x in (27) to the angular integral in (19) , the singularity is removed. A comparison of the convergence using different numbers of quadrature points in the line integral method and modified method is shown in Fig. 1 . We can observe that using the modified integral method, the values of the integral converge faster and therefore fewer quadrature points are required, especially when one of the h i values is small. This is because the singularity in (27) is removed in (19) .
Second, the results can be reduced to those of the circle approximation method. Note that I 0 can be simplified to be a constant, depending on the location of the projection point r 0 .
1) If r 0 is inside the triangle, I 0 = 2πe ikd .
2) If r 0 is on the boundary of the triangle, I 0 = πe ikd .
3) If r 0 is outside the triangle, I 0 = 0. When k becomes very large, the integrals (19) and (23) [see (51) in the Appendix] reduce to zero. Then, I 1 = (i /(4πk))I 0 and I 2 = (i /(4πk))I 0 (r 0 − q), which are equivalent to (14) and (15) by assuming d = 0 and r 0 on the triangle, i.e., I 0 = 2π. Similarly, (25) [see (53) in the Appendix] and the first term in (42) are reduced to zero, leaving I 3 = ∓(1/4π)I 0n and I 4 = ∓(1/4π)I 0n × (r 0 − q), which are equivalent to (16) . Therefore, the above-mentioned integrals of I 1 , I 2 , I 3 , and I 4 are reduced to the results of the circle approximation method, if the observation point r resides on the triangle (d = 0 and r = r 0 ) and the material is very lossy (k → ∞). Comparison of the amplitude of I a using different methods: integrating using 50, 150, and 800 thousand quadrature points, the singularity subtraction method, the circle approximation method, and the modified integral method with ten quadratures. The medium is copper with σ = 5.8 × 10 7 S/m. The frequency is swept from dc to 40 GHz.
To validate the accuracy of the methods, we compare the amplitudes of I a using different methods, as shown in Fig. 2 . For low frequencies, k is small, the singularity subtraction can be used as the benchmark. The results of the modified method match well with those of the singularity subtraction, as well as those of the quadrature points methods. The circle approximation method becomes inaccurate, since it is only valid for large k . As the frequency and k increase, the circle approximation can be used as the benchmark. The results of the modified method match well with those of the circle approximation method for k h > 10, and the singularity subtraction method becomes inaccurate in such a regime. For extremely large k , the results using the quadratures start to deviate from the correct results, as the number of quadrature point decreases. This is due to the difficulties to capture the I 0 term using numerical integration. Therefore, from low to high k , the modified method always gives rise to the accurate results.
In summary, we proposed a robust and accurate method to calculate the integrals in the method of moments. The singularity is removed from the original line integral method to improve the accuracy and it can be seen that this method is equivalent to the simple circle approximation for highly lossy materials. This method is especially suitable for conductor problems, since it captures the losses well and converges faster than the line integral method.
C. PEC and IBC Approximations
As a general method for dielectrics and conductors, this method will converge to the A-EFIE for PEC [5] if the conductivity is infinite. This can be easily seen from the equations for the matrix elements in (2)-(5) for the internal region: if σ → ∞, then k → ∞ and k → ∞, the matrix element for V, K, and P is reduced to zeros, leaving only the identity matrix blocks. Since the identity matrix block is nonsingular, the magnetic current should always be zero. Then, (1) is reduced to the A-EFIE equation for PEC.
When the conductivity is extremely large, but still finite, the formulation can be reduced to an IBC formulation. For materials with large conductivities, the circle approximation will give a good approximation of the matrix element in (1) for the internal problem. The off-diagonal matrix elements in V, K, and P can be assumed to be zero due to the loss of Green's function. Therefore
Noticing that r = (k 2 /k 2 0 ) and k has large real and imaginary parts in the conductor, we can conclude
Therefore, by assuming μ r = 1, the second equation in (1) becomes
This equation is equivalent to the simple expression of IBC
The above-mentioned discussions reveal that the proposed method can be regarded as a generalized IBC method [16] , [26] . When the conductivity is extremely large, the formulation is reduced to the IBC formulation similar to [9] , where dual basis functions are used to represent the electric and magnetic currents. As the conductivity decreases, the coupling between the electric and magnetic current becomes global, as the matrices for the internal problem become denser.
III. NUMERICAL RESULTS
In this section, we first validate the results using two simple examples: a scattering problem with far field compared with the Mie series, and a skin depth simulation in a simple transmission line (TL) problem. Then, by adopting a suitable fast solver and a preconditioner, this method is used to simulate complex circuit structures. fully penetrable regime (σ = 0.001 S/m) to nearly PEC regime (σ = 10 3 S/m). For σ > 10 3 S/m, the radar cross section (RCS) curves will be very similar to the PEC curve. To compared with the IBC solutions, the far field for these conductivities is calculated using IBC Mie series. As shown in the second figure in Fig. 3 , IBC solution starts to deviate from the Mie series if σ < 0.1 S/m (or δ s > h). This can be obvious seen from the plots of σ = 0.01 S/m and σ = 0.001 S/m. This example validates the accuracy of the far-field calculations for the dielectric to conductive objects using the proposed method.
2) Skin Depth in a Transmission Line: A simple TL model with circular cross sections is excited by a delta-gap source at the port, as in Fig. 4 . The conductivity of the material is set to be σ = 10 7 S/m. Assuming that the electric current flowing inside the conductor is proportional to the electric field, we can visualize the skin depth inside the conductor. The electric field at the cross section with x = 50 μm is evaluated at different frequencies. As can be seen from Fig. 4 , at 0.8 GHz, the current is fully developed inside the conductors, while as frequency increases to 6 GHz, the current concentrates near the surface of the conductor. The observed skin depth roughly agrees with the calculated skin depth on a planar surface. But the observed skin depth is slightly larger than the calculation. For example, the observed skin depth is 2.35 μm and the calculated skin depth on a planar surface is 2.05 μm. These differences are due to the geometry effects.
B. Large-Scale Simulations
In order to solve large and complex problems using this method, a multipole-based fast algorithm [27] - [30] can be used to accelerate the matrix vector product. Since the problems we are interested in are midsize structures with some fine details (small element sizes compared with the wavelength), the fast algorithm needs to be accurate and robust for such cases. Therefore, we choose to use the mixed-form FMA [22] . In this method, the multipoles are used to expand waves at lower level (smaller boxes), and the plane waves are used to expand waves at higher level (boxes size larger than 0.15 wavelength). A transition between the two can be performed efficiently as the box size reaches a critical point. For the internal problem, due to the high conductivities of the examples, only the near interactions of the elements are needed and FMA is not in use. This is because Green's function decays exponentially with e −k R . Then, the errors for dropping the far interaction contributions can be bounded by controlling the leafy level box size in FMA for a large k d, where d denotes the leafy level box size. A systematic consideration can be found in [31] . Therefore, sparse matrices are sufficient to store these matrix elements. These matrix elements can be calculated accurately using the modified method proposed in this paper. Otherwise, large errors in the matrix elements will give rise to failure to convergence or meaningless results.
Moreover, a preconditioner is used for the simulations. The form of the preconditioner matrix is the same as that for the dielectrics in [20] . It has been shown that the preconditioner accelerates the convergence greatly for dielectrics. In the case of lossy media, the matrices for the internal problem can be regarded as a sparse version of dielectrics, since Green's function decays out quickly at large distances. As a saddle point problem [23] , [32] , similar to the problem in [20] , this problem can be accelerated with the same form of the preconditioner.
With these techniques, we can simulate complex circuit structures. Three of these structures, from simpler to more complex, are presented in this section.
1) Two-Layer Circuit Board I:
A two-layer circuit board, with a differential trace and ground pads connected to a ground plane by vias, is simulated, as in Fig. 5 . The metal layers are assumed to be copper (σ = 5.8 × 10 7 S/m). The background is assumed to have a relative permittivity of 3.4 and a loss tangent of 0.02. Each layer of copper is 15 μm thick and the distance between the copper layers is about 30 μm. The total number of unknowns of the structure is about 83 000. The circuit is excited by a delta-gap source at the ports from 1 to 36 GHz. Then, the scattering matrix can be found for this frequency range. The scattering parameters S 12 at these frequencies are plotted in Fig. 5 .
2) Two-Layer Circuit Board II: Another more complex two-layer circuit board, similar to circuit board I but larger in size, is simulated as shown in Fig. 6 . The metal and background materials are the same as those for circuit board I. The thickness of the metal layers and the distance between the layers are also the same as for circuit board I. The scattering parameters S 12 are plotted from 1 to 12 GHz. The total number of unknowns is around 480 000.
3) Four-Layer Circuit Board III: In the last part, we demonstrate a larger and more complex example, with over 2 million unknowns and a lot of fine details, as shown in Fig. 7 . Each layer is still assumed to be copper, and the background material is the same as that in the circuit boards I and II. The top two layers and the bottom two layers are close to each other (with 30-μm gap). But as typical for organic package substrates, there is a large gap (about 750 μm) between the top and bottom parts. A current distribution at 2 GHz of the simulation is shown in Fig. 7 . In this case, the iterative solver requires 130 steps to converge to the solution with a tolerance of 10 −2 .
The above-mentioned three examples demonstrate the usage of this method to solve multiscale problems with a large number of unknowns. In the demonstrated examples, the fine details in the structures are much smaller than the wavelength while the size of the geometry is comparable to the wavelength. By using the proposed method, the multiscale nature of the problem is well addressed by the use of the mixedform FMA and the proposed preconditioner. Therefore, such problems with a large number of unknowns can be efficiently solved using this method.
IV. CONCLUSION
In this paper, we demonstrate a generalization of the A-EFIE for dielectrics for solving lossy conductor problems. We proposed a novel and accurate way to evaluate the integrals of Green's function in lossy media. This approach is motivated by the simple circle approximation. It is shown that the proposed method is equivalent to the IBC approximation if the electric and magnetic currents are only locally coupled. Therefore, it can be regarded as a generalized IBC method. Finally, some simple numerical examples are first demonstrated to validate the accuracy of the method. Then, some circuit structures are simulated as a demonstration of the capability of the method for large and complex models.
APPENDIX
The integrals of interest are 
In order to evaluate these integrals over a triangle, we can project the observation point onto the source triangle. Then, the surface integral can be written as a summation of three surface integrals on the subtriangles, as in Fig. 8 . Then, each integral can be converted into cylindrical coordinates by 
the expressions in (35) and (37) can be simplified as
The above-mentioned method is the same as in [16] except that the singularities are removed.
For (36) and (38), using (39) will not simplify the integrals, because the inner integrals over ρ do not have analytical forms. One can use the derivations in [16] to derive an equation of u i . But when r 0 is on the triangle edges,û i is undefined. Alternatively, we propose another way to evaluate (36) and (38) to avoid this issue using an equation similar to (39)
(43) To do this, we need to further divide each subtriangle into three parts: A, B, and C, as in Fig. 9 . In general, for an 
and
Summing over the integrals in A, B, and C, we have
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